Types of Integrals

1 Mark Questions

2 2

1. Fi dJ-smx Coixdx.
sin“ xcos“ x Delhi 2014C

" 2
sin” x COS~ X
Let!=j > : dx—'[ - e
SiN“ X COs” X sin“ X COs“ X

- J sec? dx —-I cosec’x dx
=tanx + cotx+C M

2. Find J ﬂ—Xd
CDS X All India 2014C
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sin® x

6 2
Let/ = dx = | tan® x sec” xdx
'[ cos® x J
Put tanx =t
- sec? xdx = dt
7 7
1= [ dt =L st A e ()
4 7
dx
. 4 Evaluate_{ s s
Sin‘ Xcos” x

Delhi 2014C; Foreign 2014

I‘i) Firstly, divide numerator and deznominator by |
. * cos*x and use sec’x=1+tan"x then put

. tanx=tandintegrate.

dx
Let =
j sin cos® x
On dividing the numerator and denominator
by cos” x, we get

- sec? x - sec’ X
dx

¢ tan2 X

2 2
- (14 . X
(1+ tan“ x) - sec »

. tan? x
Put tanx=t = sec? xdx = dt

r=j1+t2dt=j1dt+jt—15dt

2
1
= l'=t—E+C
= | =tanx — cotx+ C %)

i
4, Evaluate_l. cos™ " (sinx)dx. Delhi 2014C
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Let I = [ cos'(sin x) dx

= [ cos™ [cos (E - x]] dx
" 2

=t [:; - x) dx [ cos™'(cos ©) = 6]

_—.g‘[dx—.l‘xdx=g><-§;—+c

5. Write the anti-derivative of [3\/;+ —%—)
VX

Delhi 2014
.
Anti-derivative of [3\/; + _,)

Jx
_J'(3\/§+\/_de-3j\/-dx+_[—~dx
:3{x1i2+1}+ ﬂf:{l.,.c

1/241) |-1/2+1
=202 +x")+C (1)
6. Evaluatej(l—xfdx

HOTS Delhi 2012

a1 P—————————H

5 ;’ F:rstly, multlply the two functlons and then use

n+1
jx dx = x
n+ 1

Letl=j(1— X) /X dx -——j &-xﬁ)dx

:I(xuz 2 o= 2X3J2 = 5"2+C

+C,nz-1

n+1

[*.‘jx”dx: x +1,n;t —1] (1)
n
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7. Given, _[e" (tanx + 1)sec xdx = e* f(x} + C. Write

f(x) satisfying above.
All India 2012; Fore:gn 2011

3 Use the relaton [ € [£(0) + F/(]dx=¢" FR) +C

and simplifyic.

Given that, j e’ (tanx+1)secxdx = e*-f(x) +C
= j e*(secx + secxtanx)dx = e* f(x}) + C
= e¥-secx+C=e"f(x)+C

[ e 0+ (0} dx= el |

d
and — (secx) = secx tan x

g dx |
On comparing both sides, we get
f(x) = secx (1)
8. Evaluate j—dx.
1+cos2x Foreign 2012
let/=| -——~%——dx
“ 1+ cos2x
= - ; dx [~ cos20 =2 cos’6-1]
© 2Cos" X
= | sec’ xdx = tanx +C (1)
9. Write the value of J‘ X HCOGRK dx.

3x%+sin6X Al India 2012C
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X+ COS6X

Let/ = dx
J‘3)c.'2+s.in£:3;~:
Put 3xZ+sinéx=t
= 06x+6 c:*:}sﬁ»):(:é-]r-E = (x+ i::t::rsf):ur)c:hc:ﬁ
X
dt T 1
= = —log|t|+C | —dx = log|x
%= dlogltl+C | [ L= loglx]|
= —[I0g|(3x2+sin6x)|]+C (1
10. write thevalueofj ;
x* +16 Delhi 2011
dx
Let ] = —
Jx?- +16 Ix2+(4)2
L Xic
4 4
dx 1. _1X
[.[ 2 ;=_1a ! :|(1)
X“+a a 3
11. Write the valueofj sec’ X dx.
cosec? x

Delhi 2012C, 2011

1 \
sec? x (éos?"x |
Let/=| — dx=j -t dx
_ J- sin? x dx

2 1)
sin” x )
cos® x

cosec” X
=Itan x dx :J.(senc2 x — 1) dx
[+ tan® x + 1= sec® x]
=jsec2xdx-j1dx=tanx—x+C
¥ I sec’ x dx = tan x] (1)
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12. Write the value osz b dx.

cos’ x Delhi 2011

2 — 3sinx 2 3sinx
Let!=."—ﬁgc-;2—x—dx='[( 3 =z )dx

COS”“ X t:(:\s2 X
= _[(2 sec? x — 3 sec x tan x)dx
= 2‘[ sec’ x dx — 3| secx tan x dx

=2tanx—3secx+C (1)
[ sec? x dx = tan x

and | sec x tan x dx = sec x

13. Evaluate J'—m-f—mz—
1-«x " Allindia 2011

- e
J\,—

2
14. Evaiuatej- gx)

Let | =

=sin"'x+C

=sin” ](1)

All Indta 2011

 The differentiation oflog xis in denominator. So
firstly put logx=t and adjust the integral m
terms of t and then integrate. |

Let = d
J e
Put logx=t = ld::<=c1’t
X
(log x)* 5
= dx=| t*dt
J ==
3 3
Lgc Y e
3 3
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tan — x

15. Evaluatej € >~ dx. All India 2011
1+ x :
E,'fan—' X
Let | = dx
j 1+ x?
Put tan ' x=t = 1 ; dx = dt
1+ x
E.tra|n"1‘ X
| = dx= | e'dt
'[ 1+ x? j
=el +C [-.-je" dx = e*]
l:an_1 X
=e +C (1)
3
16. Evaluate j(ax+b) dx. All India 2011
Let | = I(ax+b)3 dx
Put t=ax+b
dt dt
= —=a = —=dX
ax a
3 4
=[Sa=1.L4c
a a 4
4
il (ax + b) e 1)
4a
2
17. Evaluate _[(1 +log x dx.
X

Foreign 2011; Delhi 2009

2
’;I(T+Iogx) 2
X

Let

"1 -
Put 1+logx=t = —dx=dt
X -
2 3
t
= U108 g fege =t c
X 3

~(1+log x’
3

+C (1)
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18. Eva!uatej . -e” dx.
™ Foreign 2011
2x —2x
et —e
Let | = — dXx
_[82)(_'_ e—b{
Put e®* + e ¥ =t
d . ax X
= (2e—2e Xdx=dt [ — (e®) = ae® ]
dx
sy e - e Mdx= ﬁ
2
2x ~2x
% .':j F T8 des L
er + e—?.x 2 t
:
=—log|t|+C
5 git]
=%Iog|e2" +e | +C (D
19. Evaluate_[ S‘/_
Foreign 2011
cos v’;
Let = S 5
175
Put Vx =t
1
=5 dx=dt = —dx=2dt
2( Jx
I—Icos(dx:?_jcostdt
—251nt+C:25in\/;+C (1)
20. Eva[uatej P e
sin’ x

All India 2011C, 2009, 2008
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2 COS X

Let =] — 5 dx=_[2cosecxcotxdx
sin” x
= —2cosecx+C (1)
f I cosec x cot xdx = —cosec x|
3 .8 B
21. Evaluatejx 4 vk 1dx.

x—1 Delhi 2011C

Y Firstly, factorise numerator and cancel out
* common from numerator and denominator and
then integrate.

2 —
Letl'=jX3 X+ X 1d
X —1
-—IX(X_1)+1 —1)dx
X —1
_ (AN = [0 +1) dx
X —1
3
Ay 5ee (1
3
22. Write the value of [l iRk dx.

2
cos x All India 2011C

11— mn X . 1 Sin X
Let = .[ e OX0= J [ S 2] dx
COs* X COs =X €O5°X

:jsec xdx—_[secxtanxdx

=tanx —-secx+ C (1
o3 Evaluatej ZCOSX ;
3sin? x All India 2011C
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3S|n X
Let sinx=f = cosxdx = dt
e 2B IEE 2 iyl
3~ 3 t2 3 (-1
- -2
— —2 (sin) '+C=—"-+C (1)
3 3sinx
Alternate Method '
oy B B 1| Sy
3sin” x 37 sinx sinx
— —j cosec x cot x dx
— 2 —(—cosecx)+C = ——2*_4 +C (1)
3 3sinx
x> —
24. Evaluatej = dx.
Delhi 2010C
X —1 x> 1
let = | S——dx=| |- ——|dx
[ 2 e (5 4)
o d _J_ldx—_zu_}i__+c
jx X _xi 5
2
=2 4 1 +C (1)
7 X

25. Evaluate jsecz (7 —~ 4x) dx.
Delhi 2010; All India 2010
let |= J sec? (7 - 4x) dx
_ tan (7 — 4x)

+C
=)
[ ' j sec’ ax dx = --td—qf-ﬂ
| a |
__ fan (74—— 4x) L (1)
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26. Evaluate Iloﬂ dx.
X All India 2010C

Let I=I 1—0—5—5 dx

X

1
Put log x=t = —dx=dt
X

L b= | 'Ofxdx:j t dt =t2i+c

) (log x):?_

E
- + (1)

) X
2. Evaluate _[2 dx. All India 2010C

Letlz_[Z"dx

2}( X
= -+ C I a’dx = ——
log 2 log a
Alternate Method
let [= j 2%dx

Again, let 2" =t
On taking log both sides, we get
xlog2 =logt
1
tlog2

dt

— Iog2dx:gdt — W)

f =

t dt 1
J.tlogz E log2 '[dt

log (sin x) dx

28. Evaluate
J tan x HOTS; All India 2009C
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) The differentiation of log(sinx) is tan x, which :
* exists as denominator. So, solve it by
substitution method.

Let I:J.Igg BN dx
tan x
Put log (sinx) =t
=> —_—1——-cosxdx=dt:>c0txdx=dt
sin X
1 1
= ——dx =dt [ cot x = }
tan x tan x
I:I Iog(smﬁdx=.[ t dt
tan x
$2 s 32
=_+C:(Iog5|nx) +C (1)
2 2
2 X
29. Evaluate J{cosec X — cot x} e” dx. Delhi 2009C
Let | = j(coseczx — cot x) e~ dx
= _ j (cot x — cosec’x) e* dx
= — I [ cot x + (— cosec?x)] e* dx
=—e"cotx+C
[ [ eXfx+ £ (0} dx = e* - f(] (1)
2
30. Evaluate_[Sec vx dx.
Jx All India 2009

Do same as Que 19. [Ans. 2 tan S C]

sin v/x

A dx.

31. Evaluate j

Jx All India 2009
Do same as Que 19. [Ans. — 2 cos/x + C]
. .
32. Evaluate _[ 506 ; dx.
3+ tan‘ x Delhi 2009
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5ec2 X

3 + tan? x

Let [ = dx

Put tanx=t = sec’ xdx=dt

g g

1 4 (tan x)
=—=tan" | —=~ |+ C 1
v3 \,6 L2
33. Evaluate_[ dx.
14 x° Delhi 2009
2
Let lzj T dx
1+ x°
Put1+ x> =t = 3x* dx = dt
= x’dx= gt
3
x? 1 ¢dt
| = Emme— dx S0 B
JH— % 3 ‘[ t
=—log|t|+C [ i |08|X|]
1 3
=5I0g|1+x|+C (1
34. Evaluate jsina xdx. HOTS: All India 2009
Let !=jsin3xdx=135|nxu5[n3xdx

4
= %I35indx—lj sin 3x dx

1 053X
= —| -3 cosx+ 222X | 4 ¢ 1
4[ - ) (1)
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4 Mark Questions

35. Evaluatej 1 -cosax ax.
1+cos2x All India 2009

Letiz_[ c052xd _[ 2sm x
\;1+c052x 2 cos? x

[-- cos20=1-25in%0
[ =2 cos*0 -1
= j tan xdx = log(secx) + C (1)

36. Evaluatej (x —3) \/xz + 3x — 18 dx.

> Here, mtegral is of the form |
(px—q)Wax? + bx+ ¢, so firstly write x—3 as

X—3= Aj(x +3x—18)+B andfmdAandB..;
™ i

_The"n_,__'!ntegrate by using suitable method.

Let Izj (x—-3)\l/x2+3x—18 dx
Here, we can write (x — 3) as
x—3=Ai(x2+3x-18)+B
dx
= x-3=A(2x+3)+8B

On equating the coefficients of x and constant
term from both sides, we get

2A=1and3A+B#—-3

—ty A:land3><1+8=—3
2 2 ;

= AzlandB=—-§—v3
2 2

= A = Al B — (1)
2 2

Thus, the given integral reduces in the
following form

P |
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!:H%(Zx+3)—-—z-} Jx? +3x— 18 dx

1 (2
= I=5I(2x+3)\/x +3x — 18 dx

—ngx2+3x—18 dx

1.9 .
sty s N0
3’ 37 °

where, |, :j(2x+3) \[xz + 3x - 18 dx

Put x*+3x-18 =t
= 2x+ 3)dx =dt
=7 dt=-23-r3’2 +C, (1)

= —25 x2 +3x-18? +C,

- and izzj\-/x2+3x—18dx

21\ 2
=I\/(x+}-) —18_2dx
2 4
- 2
= \/[x+§—) —de
. 2 4
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e
X<
= 2 wfx2+3x—»18

~ —log [x+2] \/x +3>~:—18%+C2

__[ Vx? - a’ dx;%x/x‘?—.az—
2

—-Z—Iog|x+\/x2—a2|

=2X:3&2+3x-18

—-g! } 2"’H‘j’+\/rﬁ<2+3x—18 Il-i-C2
(1)
On putting the values of /; and [, in Eq. (i), we
get :
t:lF(xz +3x —18)%2 +c1]
213
—%[2“3 VX2 +3x—18
__58”03' 2x+3+\/x2+3x—18 |+C2]

ey P %{f +3x —18)32

—%{2x+3} Jx?+3x—18

b I |2)Hr3+\/x2+3x—18|+C
16 |
(1)
w'vrherie,.C=&—iq~-c—2
2 2
31. Evaluatej. etk dx.
w/ X°+5x+6 All India 2014

Get More Learning Materials Here : & m @&\ www.studentbro.in



Let/= | A .Y

\/x2+5x+6

Here, (x + 2) can be written as

x+2=Aﬁ4ﬁ+5x+m+5
dx

=> 'x+2=A@2x+5)+8B

On equating the coefficients of x and constant
term from both sides, we get

2A=1and5A+B =2

=5 A:-]—amdthen8=——l (1)
2 2
{21(2x+5}-~1}

l:j g dx
\[x2+5x+6
_1 ) 2x+5 e

27 [x2+5x+6
1

“5'[ *\/x2+5x+6
1 1

=> |=—1 - —| R(
S5 h (1)

2X+5

'[ \/x +35x+6

Put X2 +5x+6=t

dx

where, [, = dx

= 2x+5)dx=dt

I1__[—dt—-2\/f+(:1

=2 X2 +5x+6 +C, ...iH) (1)

and l, = j 1 dx

JX +5x+6
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:_[ 1 dx

\/x2+2x5‘><x+6—g—5—-+25
2 4 4
=J 21 dx
\/(x+5) +6—~2§
2
= ] dx

log (x+;)+\/(x+;f_(;fi+cz
[-.-j%=iogx+m]

=¢»l2=§0g| x+g+xx2+5x+6|+C2 .. (i)

(1)
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On putting the values of /; and 1, from Egs. (ii)
and (iii) in Eq. (i), we get

Izzliz Jx2+5x+6+C1]

h%[log|x+—;~+\/x2+5x+6|+(f2:|

= X2 +5x+6 +%

~Llog|x+2+®+5x+6|-S2
2 2 2

= =X’ +5x+6

1
—Elog +C (1)

x+g—+\/x2+5x+6

where, C = G Yy
2 2

38. Evaluate J (3x -2 sz + x + 1 dx.
Foreign 2014
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Leu:j (3x — 2) y/x% + x + 1dx
Here, (3x —2) can be written as

3x~2=Adi(x2+x+1)+B=A(2x+1)+B
X

On equating the coefficients of x and constant
term from both sides, we get 2A=3,

A+ B= -2, then
= A=%and8=-_—7 (1)

2
)'=-23—_[(2x+1)\lx2+x+1dx
*2ZJ‘VX2+X+‘|O'X

= 1=l -1, ..(1)
where, I =§J(2x+1)\fx2 + X + 1dx

Put X2+ x+1=t

=> 2x+1=§t—

X
xg=§j\/fcft=§-3t3"2+c.l
29" 2 3

= t3/2 =(:>(2 +.>(+1)3"2 +C,
(1

and Izz—gj@+x+1dx'

=—ZJJ{xz+x+l)+§dx.
2 4) 4
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312+ (3)
= SRR

L.

5 2
1 V3
|Og [X+%—)+J[X+*2—) +[—E—] +C2
=:Z[2x+1\jx2+x+1+
2 4
Elog{zx;1+wlxz +><—l~1}j|+C2
8

——--—7{2x+1) X2+ x+1-

A Iog\2x2+1 + X2+ x+1

16 |

X 2
{j x2+azdx=5vx2+a
x+Vx2 + a2

On putting the values of l; and [, in Eq. (i), we
get

=% +x+1)72 —§(2x+1)\/x2+x+1
-——log

(2'x+1)+\!x2+x+1
16 2

where, C =C, +C, (1)
39. Find [ (x+3) 3 - bx—x% dx

+C,

+C] (1)

+a’log

21 +C

Delhi 2014 C
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Let/ = [ (x+ 33 - 4x - X dx
Here, (x + 3) can be written as
x+=A-LE-ax—x)+B
dx

= (x+3=A-4-2x)+B (1)

On comparing the coefficients of x and
constant term, we get

—2A=1land -4A+B=3

-1 -1
— —and-4x—+B=3
= A 5 an =
= A=—landB=1
2
. {x+3):b-;—(-—4—2x}+1 (1

Then, I = j {—l(—él — 2X) +1}\[3 — 4x — x*dx

___J(4 2x)\/3 4x - x*dx
+IJ37 4x—x

:_%J\/fdt+j\/7—(4x+x + 4) dx
(1)
[put3 — 4x — x> =t]
=(_Xt ) J\[f x+22dx
2

=:31(3—4x— x%)¥2 4+ 5(x+2)@— 4x — x°

7 X+ 2

i s
+ —sin +C
2 [ 7 ]
2
[ j a? - x*dx = %x/az - X2 -+—az— csin”! ijl

a

(1
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40. Find j K2 > dx.
1+2x+3x Delhi 2014C; Delhi 2013

Bx—-2 )
._j ki)
1+2x+3x

Let

Here, (5x —2) can be written as

5x—z=Aiu+zx+3x2)+B
dx

[- numerator = A - g—- (denominator) + B]
X
— 5x—2=A(2+6Xx)+8B

On comparing the coefficients of x and
constant terms, we get

5=6A :>A:E
6
and D= YA4B = B==2A=2

:——E—z :——L‘- '.'A:E]
3 3 6

Then, from Eq. (i), we get

5 11
(2 +6X) :‘,’
| = 6 2dxﬁj—————-—42dx (1)
1+ 2x+ 3x 1+ 2x+3x

= =1 -1, ... (i)
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dx

where, I =£J i
67 1+ 2x+ 3x>
Put 1+2x+3x* =t = 2 +6xXdx =dt

5dt5

»‘1= ~"~—-=-—|nt+c1‘
6t 6
=glnl1+2x+3x2|+C1 (1)
~and ;2_11 2dx
37 3x +2x+1
_1 dx
? (x2+x+1+1—1)
3 9 9
[making a perfect square in denominator]
_1 dx
() ¥
X+ | +3
3 9
L]
.1_1_]__ _] ” §+C
9 2 V2 |
3

3
1 -1 X
’: j ; dx=—tan (—Il
x* +a? a a

P%i—])#wiz (1)

11

W
On putting the values of /; and /, in Eq. (ii), we
get
5 TR 4(3x+1)
I=—In|1+2x+3x" |- ——=tan™ | =—— |+ C
6" | 342 V2
whereC=C, +C, (1)
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2

41. Fmdj dx.
x“ +3x%+2 All India 2014C

%? First!y, putx® = t and use partial fraction to write |
integral and in simplest form, then integrate by
~ using smtab!e formula

[
i
i

Let | = e dx
J x* +3x%2 42
Put x* =t
dt dt
= 2X=—=3cdx=— 1
dx 2x M
1 tdt
!=51t2+3t+2

—j dt
20+ 20 +1)

1 2 ‘ -
S ESNEN
21V t+2 t+1 (1%2)
[by partial fraction]
; .
=5[2iog|t+2|—log|t+1|]+C

%° s

x? +1

T

(1%)

t+2 _
= log +C=log

vt +1

XCos 1 x

1-x°
All India 2014C; Foreign 2014

dx.

42. Evaluatej
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I__JXCOS X

i

Let

Put cos™' x =t
On differentiating both sides w.r.t. x, we get

-1
dx =dt
V1—x?

I=—Itcostdt (1)

Applying integration by parts, we get

= —[tj costdt — j (éit (t)_[ cost dt) dt]

JEsint— _[ sintdt] = -t sint — cost + C

(1%)

Substituting the value of t, we get

I = - cos™ xy/1 - cos?(cos™ x)
— cos(cos™" x) + C

[ sint = 1- cos?t }

= 1 cos2(cos™" ¥

:>.‘=—(\"1—x2 ]cos*‘x+C

(1%)

sin -!-C(.')S6 X

43. Evaluatej dx.
sin xcos® x ~ Delhi2014C
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A .

’-’") Flrstly, use a + b3 -(a+ b) —3ab(a+ b) to
* write numerator of integrand in simplest form |
~andrthen integrate by using suitable method

Let dx

"_J sin® x + cos® x

sin? x cos? x

. 2 )3 2 .43
sin“ x)” +
- ‘,:I( )2 (cozs X o
sin” x cos” x

(sin® x + cos? x)?

2 x (sin® x+ cos? x)J
w; 2 dx (1)
sin“ x cos” x

[ a’+ b3 =(a+b)® - 3abla + b)]

J- —3sin? x CcOosS

2
""_[ 1) — 3sin? x;:os xdx
sin’ x cos” x
[ sin 2y +cos?x=1] (1%)
sinzxcoszxdx

1
=j > dx—3'[ = ;
sin” x Cos” X sin® x cOs” X

0ol 2
sin” X + COsS de_3j’1dx

’ sin? x cos’ X

v 2
. Cos X

. » 2
sin x cos2 x  sin? x cos” X

—3I1dx
=j(sec2x + cosec? x) dx — SJ' 1dx

=Jsec2xdx+Jcoseczxdx~3j1dx

=tanx—cotx —3x+C (1%)
44. Evaluatej (35|nx 2icasy dx.
5 —cos’ x— 4sinx Delhi 2013C
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Lot | = - (3sinx — 2) COS X d

¢ 5—c052xﬂ45inx
_ (3 sinx — 2) COSX i

5—-(1- sin x) — 4sinx
Put sinx-t=> cosxdx = dt

#j dt (1)
1—t
_ _I_’yt-
44t -
:.3t—6+tﬁldtzj?,(t-—?_)42-4dt 1)
t - 2)° t - 2)
=J‘ i dt+j dt
t—2) t —2)
-2+1 _
—310glt—2|+4{t M (1
-2 +1
xn+1
'.'jx”dx= n#-—1
n+1
=3loglt - 2| - +C
- 2)
: 4
=3log |sinx - 2| ———— +C
i (sinx —2)

[putt = sinx] (1)
45. Evaluate _[ez"‘ (ﬂ)dx

—C0S2X Ddhi2013C

*Q Firstly, use tngonometnc formulae |
¥ sin20=2sinBcosB and cos20=1- 2sin’@ to
l write integral and in simple form, then apply
* integration by parts to integrate.
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ot I-—-J.ez" 1—-sm2>n:')0,X
1— cos2x

-Jez"( -2 smxcosx)dx )

2 sin’ x
.+ 1= cos2x =2 sin? x
and sin2x = 2 sin X COS X

- j eX(cosec 2x — 2 cotx)dx  (1%2)

__jezxcospc xdx——‘[e cot x dx

2

e2x

2x

- —[——e "'cotx+j2e2x cotxdx] +C
__j X

=———cotx+ jez" cot x dx
2

cot x dx

—J e cotxdx + C

=_f}—cotx+C

2

46. Evaluate_[ e+l

X
(x+1)%(x +3)

Get More Learning Materials Here : &
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Let] = I 3x2+1 dx
(x+1Dx+3)
Again, let 3x2+1
(x + 1) (x + 3)
A B (. )
+ i)

= +
x+1) (x+1)7 x+3)

. 3x41= A+ 1) +3) +Bx+3)
+C(x+1)2

—  3x4+1=Ax?+4x+3) +Blx+3)
+CO2 +1+ 2%
—  3x+1=(A+CO)x* +(4A + B+ 20)x
+3A+3B+C (1)

On comparing like powers of x from both sides,
we get
A+C=0
4A+B+2C =3

and 3A+3B+C =1
On solving, we get
A=2B=-1andC =-2 (1

- Eq. (i) becomes

w+l1 02 1 2 )
x+1D*x+3 x+1) x+1)°% (x+3

Get More Learning Materials Here : & m

@ www.studentbro.in



On integrating both sides, we get
3x +1

fz f ; dx
Tx+1)(x+3)
= = dx—_[ dx-—j 2 dx
T (x+1) (x+1) (x + 3)
(x+])—2+1
=2log|x +1|- =—— ~2log|x+3|+C
B e g|x+ 3|
| |
=2log x+1| ! +C
‘x+3 (x+1)
[ logm — logn = log T} (1)
n
47. Evaluatejudx.
sin(x+a) Delhi 2013
Letf:‘[wdx
sin(x + a)

Put x+a=t

= x=t—-a = dx=dt

'5|n(t‘—2a)dt )
sint

r sint cos2a — cost sin2a
= I= = L ()
’ sin

[ sin(x —y) = sinx cosy — cosx siny]

’=j smtcosZad Icoststa
sint

= cosZaj dt — sinZaI cottdt (1)

3 .
sint

=tcos2a — sin2aln|sint|+ C

=(x+ a)cos2a -sin2aln
|sin(x + a)|+ C (1)
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48. Evaluatej dx.
(x2 +4)(x* +9) Delhi 2013
Let 1= X d
et I= X
(x2 + A (x> +9)
T ¢ 2% 444G ~d~9
= 5 5 dx
29 (xX“+4(x+9)
=l x>+ 4 g d J- x°+9 s
279 P+ 4 (x2+9) (x? +4(x +9)
__I dx(1)
(x* +4(x +9)
_lj dx lj dx
2 x*+9  27x°+4
_l 13 dx

)]

(x% + 4 (x* +9)
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dx 1 -1 X

1 1
( = s ]dx(I}
x“+4) (x°+9)

= —tan

— and apply partial
a a

fractions in third term

~  tan? (i] +dtan (5) 12 Lt (E)
6 3)" 4 2) 10 2 2
e 1(x)+C
10 3 3
-~ (E]+ltan1 EJ
6 3)737 2
\
—E‘taa|n1(i o '1(5]+C(1}
20 2/ 30 3
](xJH 13) L(X)(1 13)
= AT S} s | A L ||
\3/\6 30 2/\4 20
i (5 —
tan™ EJ 5+13)+t.a gl 8 [l R
\3/\ 3 \2/\ 20
' (
Ly n'1(—{)+*{-ﬂ—talra'1 i)-$—C
30 3) 20 L
\
I {5)—~tan" L Y (1
3)7 5 3 )
49, Evaluate_[ 2¢°+1 — 2 i |
2(x*+4) Delhi 2013
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2x% +1

Letl—sz(x2+4) dx
Put x*> =t and then using partial fraction, we
get
2t+1 A B
O th+d t t+4
= 2t+1=A(t+4) + Bt (1/2)

On comparing the coefficients of t and
constant terms, we get '

2=A+B and 1=4A=>A=%
N N (1)
4 4

Dyt 4 1 7
Then, 5 e
x“(x“+4) 4x 4x° + 4)

dx
= 4'[ _Jx +4 e

=_—1—+Zx—1—tan"(i]+c
4x 4 2 2

..J" dx =ltan_1(_{]
" al+x? a d

- -.1_4;-Ztan_1 (—i)+C (1'2)
4x 8 2

x2+1
(x% +4)(x? +25) Delhi 2013

50. Evaluate _[
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X2 +1

Let/ = dx
I(x2+4){x2+25)
; x> +1 A B
Again, let — 5 =— >
(X“+4(x"+25 x°+4 x"+25
[by partial fraction] (1)
AL%=0, g
4 25 100
= 25A+ 4B =1 1) (1)
At x =1, 2 =é+—B—
5%x26 5 26
A B |
= —t—=—
5 26 65
= 13A+EB=1
2
= 26A+5B=2 L) (1)
On solving Egs. (i) and (ii), we get
A=-1, =2
7 7
'.1':—1.[ 2d)( +§ 2t:)')(
7 x°+4 77 x°+25

11 _1(:(] 8 1
=——-—tan |- |+—--—
7 2 2) 75

[ f dx :

a’+x

tan™’ (i] +C
5

1

=—1ta

d

n*1(§]](1)

il tan"(i) g 2 tan”(i) +C
14 2 35 5

COS2X—Cos20

51. Evaluate j dx.

COSX—COosSQ
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’_,[ COS2X— COS20 ol

e

Let
COS X — COSOL

j (2 cos? x—1)—(2 cos’o.—1) o
B COS X — COS{O
[+ cos26 =2 cos* 6 —1] (1)

2 2
2 (cos” x—Ccos” o
=j ( ! dx
(COs x — CosO)

N ,[ 2 (cos x — cos o) (cos x + Cosar) d
- (cos x — cosa)

[- a% = b? =(a+ b)(a—b)] (1)

— J 2(cos x + cos o) dx

= 2[_[ CcOsX dx + cosaj dx]

=5 [ =2(sinx+xcosa)+C (2)

X+2
52. Evaluate dx.
jvxz+2x+3 All India 2013
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X+2

Let I:I dx
Jx3+2x+3
d
= | = s __dx+_[ 4
\/_2+2x+3 X2 +2x+3
=> I=hL+1, L) (1)
where, [, = (X_H)_ dx
T xT+2x+3

= [Ldt=[dt=t+C,
B |

putt? = x2 +2x+3 = 2t dt = 2x+2)dx
=t dt = (x+ 1)dx

=\fx2+2x+3 +C, (1)
dx dx

I, = = .

: Jl\fx2+2x+3 ‘[@H)zﬂx&)z

=|n::)g{(;-:~|~1)+\,[;{2+2>v:+3}+(f2

[I+—d}~(-—~ = fog(x + Vx* + az)} (1)
Jx? +

On putting the values of I, and/, in Eq. (i), we

get
I=+/x?+2x+3 +C,

+log{(x+1) + \/;’3+2x+3} +C,

and

= X2 +2x+3

+ Iog{(x+1} + \fx2+2x+3} +C (1)

“where, C -—C1+C
53. Evaluatej

x(x +3) HOTS: All India 2013
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4
Let | = j ___(_(_i_{__ — ~——-——>£-—~—-— dx

x’+3) Y xX°(x°+3)

[ multiplying numerator and
denominator by x*]

Put t=x> = dt=5x*dx

= (1)

J5t(t+3)

53|t t+3
=%[Iog|t|-—|0g|r+3|]+C (1)
=ilog L (1)

18 r.l.'l

54. Evaluatej :
x(x +1) All India 2013

15 T2 %3
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dx
Let ] = | e
© J-x(x3 +1)

dx
J= B
‘[ X(X+D)(x*=x+1)

[ a +b°=(a+ b)a’+ b? - ab)]

Again, let
1 A B n Cx+D

XX +Dx2=x+1) x x+1 x> —x+1
T=(x+1) (x> = x+DA+Bx(x2 —x+1)

+x(x+1D(Cx+D)
=1=0C =X +x+ X2 =x+DA+ B —x*+x)

+(x* + x) (Cx + D)
= 1=AC+D) +BOC —x* +X)

+(Cx +Dx? +Cx* + Dx)

= 1=(A+B+ O + (=B + D + C)x?

+B+D)x+ A1)

On comparing the coefficients of different
powers of x from both sides, we get

A+B+C =0 ...(1)
~-B+D+C=0 ses(i1)
B+D =0 (i)
and A=1 ..(iv)
From Eqgs. (ii) and (iii), we get
C-2B=0 o 5
From Egs. (i) and (iv), we get
B+C =-1 : (Vi)
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From Egs. (v) and (vi), we get
B=-1,D=J-and C=—g (1)
3 3 3

] _2x 1]

. 1 1
.'.I—_[ TA T —_[ —— w3 3 |dx

x 3x+1 xZ—x+1

-

_ !:.[9'3{___ ax. _I 1-2x
X X+1 x+1
1 2x—1
=1=log|x —-—Iog X+1|——| — dx (1)
Ix] 3 | | 3 Sy
Put t=x*=x+1
253 dt = (2x—-1)dx

dt
. l=log|x ———Io x+1—— s
g| x| : glx+1| AR

= log| x| — -1—Iogjx+1| —1log|t|+C
3 3
= log| x| - -%Iog[x+1|—%log|x2—x+‘1]+C
[putt = x> —x+1]

= log| x| - %10g|(x+1)(x2 _x+1)|+C
[ logm + logn = logmn]

:Ioglx[—%log|x3+1|+(:

=log|x|=log| X +1|*+C=lo H +C

['.'Iogm logn =log — ](1)

55. Evaluate j '
x(x +8) All India 2013
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dx dx
Let |= —
© '[x(x3+8 J x(x> +2%

_J‘ ...(0)

X(x+2)( 2x+4)

[ X " a =(x + a)(x2 + a2 — ax)]

Now, for partial fraction method, write
1 _A B % Cx+D

x{x;~2)(x2~2x+4)_x rx+2 X2 —2x+4

= 1= AKX+ =2x+4) +Bx(x*~2x+4)
+(Cx+ D) (x* +2x)

= 1= A ~2x"+4x+2x° - 4x +8)
+ B0 = 2X% + 4%) + (Cx® + 2Cx* + Dx? +2Dx)
— 1= A(C+8)+B(X —2x" +4x)
+(OX +2Cx* + Dx* +2Dx) (1)

— 1=(A+B+ 0O +(=2B+2C +D)x’
+(4B + 2D)x + 8A

On comparing the coefficients of different
powers of x from both sides, we get

A+B+C=0 .. (1)
-2B+2C+D =0 .. (1)
AB+2D =0 (iv)
and 8A=1
' Azt
8
From Egs. {iii) and (iv), we get
_2B+2C-2B=0 = -4B+2C =0
2 C=28 (V)
On putting the values of C and A in Eq. (i),
we get
l+B+28=0
8
= B=- ;Z and C =- %

1
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D=— (1)
and =
Now, substituting the values of A, B, C and D
in the given integral, we get
1

X(x + 2)(x* —2% + 4)_

-1 1
_ ] 1 12 12
T 8x 24(x+2) x> -2x+4
{ —x 1)
(_._.+12)
l:_[ L g ;2 dx
8x 24(x+2) x"-2x+4
L §
gk 1ok
T8 x 247 x+2
BRI e
127 x> =2x+4
:-lloglxl*—lbg|x+2\
: 1 2x—2
S A dx
249 x* —2x+ 4
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1 1
_ Lloglx|——log|x+2|
2 g| x| o g|

——1---I0g|x2—2x+4|+C
24
[letxz—2x+4:t:>(2x—-2)dx=dt]
1 1 2 '
= —| — —log|(x+2)(x" —2x+ 4| +C
gioelxl=g g 8|

[- logm + logn = logmn]|

= Iog|x|——-— log|(x’ +8)|+C
i {a+b)(a —ab+bH=a+b’]

=_;- {toglx]—jlog|x5+8|} +C

{log| x| - log| x’ +8|"}+C

x|
P 7 R I (1)
8 Cloc+ 8)”5\.,

56. Evaluate Jsinx .sin2x- sin3xdxH0TS; Delhi 2012
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1 Itisa product of three trigonometric functions.
' So, firstly we take two functions at a time and
use the relation 2sinAsinB |

~ cos(A —B) — cos(A + B) and then integrate it.

Let I= j sinx sin2x sin3x dx
= % I sinx (2 sin2x sin3x) dx

[multiplying numerator and denominator by 2]

_ ;J' sin x[cos(2x — 3) — €Os(2x + 3x)] dx

[-2 sin A sinB = cos(A —B) — COs(A + B)] (1)

1
= — | si -0s(—x) — cos5x] dx
2'[ in x[cos(—x) — cos5x]
- %j sinx (cos x — cos5x) dx [+ cos(—x) = €Os X]

:ljsinxcosxdx——ljsinxcosSxdx (1)
2 2

- ljz sin X cos X dx — ! j(Z sinx cos5x) dx

4 4

[multiplying numerator and denominator by 2]
1¢ . 1 :

- ;1_[ sin2x dx — 2 J {sin(x + 5x)

-+ 2 sinx cosx = sin2x and
2 sin A cosB = sin{A + B) + sin(A — B)

=.3ij.5in2xd ﬂ};j [sin6x + sin(=4x]dx (1)

1 ) 1 |
= Zj 5|n2xdx—z j (sinbx — si-n 4x) dx
[ sin(—6) = — sin@]
~1 cos2x 1[-c056x+ cos4x] c
+C .

4 2 4 6 4
[...I Sinaxdx g — COs ax
a
_ —C0s2x cosbx cos4
= + A g (1)

8 24 G
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2
dx.
57. EvaluatEJ )(1 +x9) Delhi 2012

| > Here denominator i is a product of two algebralm.
' * functions. So, firstly we use partial fraction
~method and then integrate it.

2
Let | = dx
Ju-mn+x5
Again, let 2 - = A p DEE -..(i)
MI-x0+x) 1-Xx 1+ x2
(1)
2 AT+ x%) +Bx+C)(1-x)
= — =
1=-x00+ xz) (1= 1+ xz)
- 2=A(1+x)+Bx+C)(1-x)
= 2=A+Ax2+8x+C—Bx2—Cx
= 2=(A-Bx*+B-CO)x+(A+C)
(1)

On comparing coefficients of x? x and
constant terms from both sides, we get

A-B=0 oso(H)
b=C=0 ... (1)
and A+C=2 . {iv)
On adding Egs. (ii) and (iii), we get
A-C=0 (V)
On adding Egs. (iv) and (v), we get
2A=2=A=1

On putting A =1in Eq. (ii), we get B=1.
On putting B =Tin Eq. (iii), we get C = 1.

Hence, A=1B=1andC =1 &)
Now, Eq. (i) becomes
2 _ 1, x+

I=x00+x) 1-XxX 1+ x2
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On integrating both sides w.r.t. x, we get

2 X+1
jﬁ_nu+x ag= fﬂmﬂj Il+x

—logfl— x|+ dx+
h I J.1+x j1+x
= —log|1- x|+ Iog’1+x ‘+tan 'x+C
put1+x2=t
= 2xdx=dt = xdx =dt/2
dt 1

e d*— —=-—~Io t—~—lo T+ x

_ j1+x =1~ glt| = ~log[1+ x’|
(1)

58 Eval atej 1+sinx i3

val 1+cosx All india 2012C
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. Let I:I i sinx e* dx
1+ cos x

o O X
1+ 2 sin — cos -
=I — 2 . e*dx 4))

2 cos?
2

L .m  m |

**sinm = 2 sin— cos —
2 2

m
and 1+ cos m = 2 cos® —

h 2 |

—I( sec —+tan—;~)e dx (1)

= .[ e* (tan— + 1 sec? i) dx §))
2 2 2

On comparing it with
I e*[f(x) + f’(x]dx = e* f(x), we get

f(x)=tan > = f'(x) = 1 ~sec2 X
2 2 2
!=e"tan§+C (1
x2
59. Evaluate dx.
I (xsinx+cos x)% All India 2012C
2
Let i= J‘ l 5 dx
(x sin x4+ cos x)
= J=——2BX  rsecxdx ..(0(1)

(x sin x + cos x)?

Again, let  xsinx+ cosx =t
= (x cos x + sinx —sinx) dx = dt

= xcosxdx =dt
| __[ X COs x dx
)=

(xsinx + cosx)2
__J'dt -1 -1

(1)
t X SIN X + COS X
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Now, integrating Eq. (i) by parts, we get

X COS X
.'.-—-_[xsecx- : > dX
' (x sin X + COS X)
il

=1)

X Sin X + COS X

= Xsecx:-

\ —dx
—j(1-secx+xsecxtanx)- - (1)
X 8in X + COS X

—X sec X XSin x dx
= +Isecx 1+

X sin X+ COS X CcOS$ X ) Xsin X+ COS X
—X sec X
= — +Jsec2xdx
X sin X + COS X
—X Secx -
— +tanx+C (1)

X sin X + COS X

2x
60. Evaluate je sin x dx. Foreign 2011

Get More Learning Materials Here : & m @&\ www.studentbro.in



Let | = I e?* sin x dx
TR

On taking sinx as | function and e* as
Il function and integrating by parts, we get

[ = sinXx j e?* dx — j {i (sin x) j ez"dx} dx (1)

dx
. 2x : 2x
o - SiInx-¢€ _ COsS X-¢€ dx
2 2
2x
= !=e smx_lj X cos x dx
2 2
2x
2 2

where, || = J e®* cos x dx
T

On integrating by parts again by taking cos X
as | function and e** as Il function, we get
I, = cOS X J e”* dx

_ j {g—x (cos X) _[ ez"dx} dx

2 2x

X *
s ’1=cosxe _J( sinx)- e d
2 2
2x
. :
= !1=E—C?—S-5+—jez"smxdx
2 2
2%
= :1:?_‘2:—055 I ..(ii)

1
+._
2
[ jez" sinxdx = 1'] (1
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On putting the value of I from Eq. (i) in

Eqg. (i), we get

J,_ez"sinx_l e®* cos x
TSI Bk 2
eXsinx e*cosx 1
= = — o
2 4
il I+11:egx(sinx_cosx]
4 4
< - 25inx——cosx)
= T =e _
4 4
4 2x(2 sin X — COS X
= [=—e
5 4
= 1=1/5 e?* (2 sin x — COS X)
3x+ 5 5
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Let f= I . L dx
JxX°—=8x+7
Here, 3x + 5) can be written as

3x+5=A-g—(x2—-8x+7)+B
dx

=> Ix+5=A@2x—-8)+B celi)
- 3x +5=2Ax + (B —8A) (1/2)

On comparing the coefficients of x and
constant terms from both sides, we get

2A=3 : sui(11)
and -8A+B=5 (i)

From Eq. (ii), we get A =%

On putting A = 1;’— in Eq. (iii), we get

—8[-31)+B=5
-

oy —12+B=5

= B=17 (1/2)
On putting the values of A and B in Eq. (i), we
get
3x+5=-3—(2x—8]+17 .. (iv)
Hence, the given integral can be written as
. 2x-8)+17
l=j 2 dx  [using Eq. (iV]]
\[xz —8x+7
5§ 3 2x -8 dy
2 \sz -8x+7
+1 7J dx
\/xz -8x+7
3
= I=E!]+17n'2 V(D
. i T
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where, [, = —— dx

J\[xz—Bx+7

Put X° —8x+ 7=t
= 2x 8) dx =dt
I,:j = [t dt
tuz
- [, = —
1/2
= L =2t"2 = | =24t (1/2)
= !1=2\/x2—8x+7
and 12: i dx
) Jx2—8x+ 7
dx
— l, =

T X2 —8x+7+16-16

Izzlog|(x—4j+\/(x—4)2—(3)2l

J‘\/*dx—log|x+\fx - a?|| (1)
x* - a

Hence, putting the values of I, and /, in Eq.
(v), we get

:-'1(2 \/x2—8x+ 7)

+17log|(x— 4 +(x— 42 -9 |+ C

= I=3\/x2—8x+7+17|0g|(x-—-4)

+Jx=92-9+C 1/2)
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2
X+ 4

. Evaluate dx.
62 y J‘x“ + 16 All India 2011C

e CR——
| g

e Firstly, divide numerator and denominator by X
P _and reduce the integrand in standard form.

Let !=_[ ): L dx

X" +16
On dividing numerator and denominator by
xz, we get

4 4
8], 1
—de=I i dx (1)

=] 16 4\2
(Xz + ;g) (x— x) +8

Put x—ﬂ=r = [1+1)dx=dt
X X
dt . dt
v = = (1)
J‘t:"+8 124 (2:42)2
1 st J
=——tan |—=|+C
Zx/f \2\5
dx 1 S
=—tan | —
[ jag+>{2 d (&)]
( 4
1 N
= ——tan~
22 22
\
( 2
1 11 X -4
= - tan 2)
2\/5 LKZ\/#X]
Evaluate :
G- By I a1l Delhi 2011C
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2
Letl=_[x +1dx

x* +1

On dividing numerator and denominator by

2
)
% dx

X, we get

&
.
—— = dx=

Putx-—1—t='[1+i2)dx=dt (1)

X X
3 rzj

a1 tan” (L]+C
W22 2 V2

Sty ()
22452 5 a

=%

( 1
1 27 %
= e FAR +C (1)
J2 J2
\
(.2
1 xc =1
= —tan™ +C (1/2)
V2 \ X\E}
sin x — COS X

64. Evaluate | —————dx.
j ysin 2x HOTS; Delhi 2011C

Get More Learning Materials Here : & m @&\ www.studentbro.in



() In this type of integral, first we make a term in
~ * denominator such that whose differential
coefficient present in numerator and then
integrate it.

SiN X — COS X
Let .’.-j e dx

_ sinx-—cosx 4 ()
\/1+5|n2x—1

SIN X — COS X

L3

dx

] I. :
\sin 2 x + cos” x+2 sin x cos x—1
[+ sin’0 + cos?0=1]
Sin X — COS X

= | dx (1)
Jisinx + cos x)* =1
Put Sinx+ cosx=t
= (cos x — sin x) dx =dt

!=JJ;%;=—bgﬁ+Jﬁ—ﬂ+C

jm\_/_;;éu;-_—log(x+m) (1)

= I =-log]| (sin x + cos x)

+\/(5inx+cosx)2—1'{+C

[t = sin x + cos X]
= —log| (sin x + cos x) + 4/sin 2x | + C (1)
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65. Evaluate _[ ( dx.

Get More Learning Materials Here : &

2X

x2 +1) (x* +3)

Let I=I( 2 dx

1+ x3) (x% +3)

Put x> =t

= 2xdx = dt
dt

b=
J‘(t+1)(3+t)

Delhi 2011

1 A B
+

Again, let -
t+1D3B+t) (+t) 3+t

= 1=AG+t)+B(1+1)

(1)

ol

(1)

@ www.studentbro.in



On putting t = -3, we get
1=-2B= B:ﬂl
2

Now, on puttingt = — 1, we get
[=2A = A=ll2

On putting A =2l and B=—% in Eq. (i), we

get
1 _1!2+—1/2
1+t 3+t 1+t 3+t

On integrating both sides, we get

I 1 dt:l Ldt——]— __Ldt
M1+03+1) 271+t 273+t

(1/2)

1 1
=—log|1+t]——log|3+t
log| 1+t~ log|3 +1]

[ d—x=log|xq

X
=l|og|1+x2|-—10g|3+x2|+c
[t =x]
lelog 1+x +C
2 3+ x°

{ logm - logn=log __n3:| (1%)
n

66. Evaluatej\} dx.
X

Delhi 2011; All India 2010
Do same as Que 37.
[Ans. 5\/)(2 +4x+10

--7Iog|x+2+vrx2+4x+10|+C]

1 + sin 2x

6. Evaluatejez" ( )d :
1 + cos 2x All India 2010C
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Do same as Que 45. [Ans. % e tanx + C]

dx

(2 +1)(x* +2) Delhi 2010C
Do same as Que 65.

[Ans. tan™' x — 715- tan"‘(—j%) + C]

69. Evaluate j[log (log x) + EE;_X)E] dx.

HOTS; Delhi 2010C

68. Evaluate _[

) Use mtegratlon by parts i.e.

ju vdx = L‘[de J‘{aujudx}dx} and also

remember ILATE whenever use it.

let = log (log x) + 1 dx
. (lmgx)2

= Iog(log X): 1dx+_[
' | I (log x)

s dx (1/2)
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Using integration by parts in first integral, we
get

| =log (log x) I1dx - I[g; log (log x) Jm’x] dx

#

> dx + C (1/2)

=log{logx)~x—j ! — - xdx
0g X X
+I L dx+C
(log x)
= x log (log x) — J.(Iog )~ 1 dx
+j s dx+C (1)
|0gx

Again, applying integration by parts in the
middle integral, we get

I =xlog (log x) — [(log )™ I1dx

- (1 Tdx} dx |+ dx +C
J{ (o] } ] o
(1)
=x|0g([ogx}—|: —I (log X~ —xdx}
log x X
+j dx + C
Iogx}
= xlog | - - d
x log (log x) = jlogx) X
+I dx +C
(Iogx
= xlog (log x) — +C (1)

log x
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X+ 2 i
x—2)(x-3) All India 2010

(-5

-2 -3+ C]

70. Evatuate_l.\/(

Do same as Que 61.

[Ans. VX2 —5x+6 + %Iog

s
dx.
x(1 — 2x) Delhi 2010

""1. Evaluate j

(I 1=x°
Let | = dx = dx
I><(1—-2x} Ix—2x2

Given integral can be rewritten as

1- 1 x
1= [ |2+ ——2—|dx (1)
2 x{1-2x)

- =
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1 “‘; >
I=—|d il
i 2 J. , j):(1—2}«:) J
(1—1;() A 5
Let 2 =— (0
x(1— 2x) x 1-=2x
= 1—2lefA(1—2x)+Bx L) (1)

On putting x =0 and x = % in Eq. (i), we get

1-0=A(0-0)+0

= A=1
and 1-——[-1—-) A[1—2(1)]+5[1J
. 2
1 1
= 1-—=A0-1)+—-8B
4 2
= 43._..1_3
4002
=5 B-—g (1)
2
On putting the values of A and B in Eq (ii), we
get
1.——1--x
5 —E+ 3/2

x1-2x) x 1-2x
Then, from Eq. (i), we get

—jdx+_f dx+J 3/2

1—2 x
§|0g|1;2x|+c

[*.‘jalxdx=—%log1a—x[]

:%x+|og|x|—%log!1—2x[+c (1)

=lx+log[x|+
2
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inkx — 4
T2 Eva!uateje" [sm 2 )dh’.

1 - cos 4x Delhi 2010
w i
Llet [=]|¢" SIA s dx
¢ \1-cos4x
/ :
- — 4
g 2 sm2xcc;st i (1)
\ 2 sin” 2x

2 sin’ 2x 2 sin® 2x

je" [2 sin 2xcos2x 4 ]dx 1)
[e

X (cot 2x — 2 cosec’ 2x) dx

On comparing with
j e'[f(x) + f' (0] dx = e*f(x) + C, we get

f(x) = cot 2x
= f’(x) = — 2 cosec® 2x
| =e*cot2x+C | (2)

(sin x + €OS X)

dx.
Jsin2x  HoTS; All India 2009C

Do same as Ques 64.

3. Evaluatej

[Ans. sin”'(sin x — cos x) + C]

d .
useJ. B = Sln_1 X
1—x°
2x+ 5
4 Evaluatej 5 - dx.
\/ 7 -6x—x Delhi 2009C
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2x+5
| =
'[\/7 6x — x*

Given integral can be written as
{(~2x = 6 -1

Let dx

I dx
J? 6x—x
-2x-6 dx
:-—-J. X—-J. =
J7-6x-x? 7=
= I=—1I -1, () ()
where, [, = I .
J? 6x ~ Xx°
Put 7-6x—x°=t
= (-6-2x)dx=dt
I = --—-Jt'wdt
=2ft=2v7—6x—x—f (1)
and = [0
'\/7’"6}«(—,‘:{‘3
_ dx
S - (-7 +6x+x2+9-9)
_ dx
T - lx+ 32 -16]
dx
= ,' = s
= V2 = (x+3)’
= sin”" (ﬁ-—}') +C )
4
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On putting the values of I, and /, in Eq. (i), we
get

I=—2\/7—6x—-x2 . (i}) +C (1)

75. Evaluate -
I \E — bx - 2x* All India 2009

| ) Flrstly, mahe a perfect square in denomlnator |
* partand thenintegrate it using suitable formula.

Leb [x=

dx
— 4x — 2x°
JJS 4x -2

- [ i 5
\/-2 (x2 +2x — 2]

o .
\12 \/ x +2x— +1—1)
-] %)
‘j (x +2x+1) - 5—1]
2
e
\/ (x +1)° (—5+1]:|
g 2
_ _"‘2‘ _ dx ? )
V, _(x )2 = 5]
1 dx
"sz 2
\/UZ] % Py
:\—/1_2—-51'n_1 ) Saiil +C (1)
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"{Mjl L (1

LI

= —=sIn
V2 V7
X

76. Evaluatej ———dX.
J5 - be* —e HOTS; Delhi 2009
Firstly, put e* =t = e*dx =dt, Then, do same

as Que 75.
X
I:Ans. sin“(e b ] 4 C]
i
". Evaluate J.—ﬁ}— dx
| xt =2x=>5 All India 2008C
Let b fege T o
X°—2x~02

Here (x + 3) can be written as
x+3:A+B—d—{x2—2x—5)

dx
- x+3=A+B(2x-2) (1)

On equating the coefficients of like terms
from both sides, we get

2B=1 = B=1/2

and A-2B=3
— A—2><l=3
_ 2
= A=3+1=4 (1)
+—21-(2x—2)
| = dx
I x2*2x—5
= =4
'[x - 2Xx -

2x -2
+f)'“‘|.‘/2 . :dx '(l)
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On putting x* —2x-5=t=02x-2)dx=dt
in second integral, we get

"“4-(:«-1 2_1-5 J
i | oX —Ioglt]+C
T x-1?-(6)° 2
z4-;log| _1—\/"’
246 | x x—1+4/6 |

—Iog|x2—2x-5|+C
2 | —1—J_|

g
J6 == | =14 B |

X
+Elog|x2—2x—5|+C (1)

8. Evaluate jx sin™t x dx. All India 2008C

;) Use integratlon by parts -

Jph-le - oafuted]

: o
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Let = jx sin~! x dx

solf

Taking x as 1st function and sin~ x as 2nd

function and using the rule of integration by
parts, we get

2
[=sIn " X f—-—J‘
||‘|_
2
:x—sm‘x«l ——~wmdx+C (1
T—%*
2 2
2, 25 1-x° —
= & gt g X =T
1—x*
= zsv,m'1x+l 1=x dx l-[ X
27 1-x* 27 J1=x?

1
— sin” x+— -
1k
&% 21 sin”! x — sin™" x] (1

=sin”' x

o dx
e

2
andjvaz—xzd =§~Ja2—x2+%— sin”" x:|

a
:l xzsin‘1x+£-\,‘1—x2——1— sin” x|+ C
2 2 2
x* 1 % R
sol=—sinT ' x+ —4/1—x“ ——=sin x4+ C (1)
2 4 4
79. Evaluate [ x-log |(x + 1)ldx. Delhi 2008C
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Let !*jx Iog|(x+1 | dx
I

Using integration by parts, we get
I=log |(x+1)| | xdx

_J[i |0g|(x+1)jxdx]dx (1)

=log|(x+ N} — - | — —dx
g| l Jx+1 2
x>
=—log|(x+1|—-— | ——dx
2 gI | jx+1
xzbg“x+lﬂ 1j(x 1+I)¢<HV)
e R —— - 2
2 | 2 X +
_ s _
X+ 1) 42
X2 +x
_x'
—x—1
&
1

2

X 1

=" log|(x+1)|-—
5 gl \2

2
[%—x+log|(x+1)|]+c|:‘-' g 1081’4]
” |

2 2

X X X
= I="log|(x+1)|- —+ =
7 o8] =7t

——;—I0g|(x+1)|+C

"

1 2 X
S e =TH | D-—+—+C (1%
2“x )| log|(x+1)| 4+2+ (1%%)

6 Mark Questions

1

sin® x + sin® x cos® x +cos” x
All India 2014

dx.

80. Eva!uate_[
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? Firstly, d!wde numerator and denommator by
cos*x to convert integrand in terms of tanx and
then put tanx=t and convert integrand mto
standard form which can integrate easily. |

1
Let I=j s e : ;— dx
sin” x + sin” x cos” x + cos” X

On dividing numerator and denominator by-

cos? x in RHS, we get

SEC4 X

Fes [ - 5 dx (1
“tan x+tan“ x+1

2 2
(sec” x) (sec” x) dx

= (1)
Y tan* x + tan? x + 1
Put tan x =t = sec” x dx = dt and
sec’x=1+tan’ x=1+t* (1)
'|+I
2 2
) L P B
t" +t°+1 2 4 _2+1
t
1+
2
= [:J dt (1)
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(1)

Again, put u=t- g = [1+ Ji) dt =du
t
du
o . -
Ju2+(\/§)2
1 A4 U)
— ]=—1tan™ | —{+C
V3 J3
(1)
(I L 1
=2 J]=—tan | — |+ C cu=t—-
s | |re e
\ /
- I=-1-tan"1t 1+C
V3 L V3t
B I——l—tan_1 rianzx_1
\E k\f?»tanx

81. Evaluate j(,/cot X + {/tan x) dx.

All India 2014; Delhi 2010 C

Get More Learning Materials Here : &

]+C [.-t = tan x]

(1)
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Let /= J [\/cot X + Jtan x] dx

= I Jtan x (1+ cot x) dx

Put tan x =t? = sec” x dx = 2t dt
2t
1+t4
: [-.'1+tan2x= sec’ x = 1+ t* =sec2x]

1 2t
l= | 11T+ — dt
I ( tQJ(1+t4)

t+1
= !—2j < +1 (1

(1)

or dx =

On dividing numerator and denominator by
t? in RHS, we get

fir MM
(=2 [t Ld=2[->L2-dt (@
(t +',;"z') (—:J 2

Again, putt—-%-y:(H )dt dy
E

!—ZJY WS

= l=\/§tan1% (1)

(- ] |
=2 tan™ 5 +C ['.*y=t-—%](1)

2 tan”" € 1 e
v

(
- ‘\/5 tan™" ey 1} +C [‘.'t2 =tan x|

U/2 tan x

(M
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. Evaluate dx.
82 J.w::f+ X +sin” x All India 2014

Letl:j 1 dx

cos? x + sin? x

On dividing numerator and denominator by
cos® x in RHS, we get

(sec” x) (sec? )

’:I sect x

dx= I= dx
1+ tan® x '[ 1+ (tan? x)?
2 2
N Iz—-_[ sec” x (1 +2tr:m2 X) dx 1
1+ (tan” x)
Put tanx=t = sec’xdx=dt
2
I=j1+t dt (1)

1+1*

Again, dividing numerator and denominator
by t? in RHS, we get

1 1
Lok Vs
;=j L dr=j L dt (1)
t2+—“j+2—2 (t_] +2
t t
Put t—J:u
t
= (1+—15)dt=du ()
t
du
Then, I =
JU2+(\/5)2
1 _1(U)
= I=—tan |—=|+C
NF3 V2
/
1 t"g
= J=—+tan |—L|+C ['.'u=t-——](1)
V2 J2
\
f£.9 Y
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= l=itan‘1t J +C

\/E \ ‘\/_l'
(
1 -1 tan® x — 1
= I|I=—tan | —=———|+C [ t=tany]
\/5 K\E tan X]
(M
2
83. Flnd dx.
j (X2 + 1) (x* +4) Delhi 2014C
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Fwstly, put x* =t and apply partial fractlon to
* convert integrand into some standard form
wh:ch can integrate eas;ly

2
.[ 5 ; dx
(x= + D(x° + 4)

Let x* =t, then
t A B :

= + ()
E+Nt+4 t+1 t+4
= t=At+4 +Bit+1)
=) t=(A+Bt+4A+B (1)

On comparing the coefficients of like powers
from both sides, we get

A+B=14A+B=0 1)
On solving these equations, we get
/ﬁ’%:—i and B=i (1)
3 3
From Eq. (i), we get
1 4
g ] (1)
t+Dt+49 t+1 t+4
k=[]
(X + D(x" + 4 x? +1
. dx [ x2=1 (1)
3Jx2+4
ean Dbt o S
3 3 2

1 1 __}X
=—t 1
[ Jx2+az a a]{)

oo o 1
sin VX —COS lfdxxe[O 1]
sin~2+/x +cos ™ Vx
All India 2014C

84. Find j
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L9, Firstly, use the identity sin™ @+ cos_lﬁﬂg to

convert integrand in terms of sin”* only. Then,
integrate by using substitution.

sin~'/x — cos ™' x
sin”"! \/; + cos™ f\fr;
We know that, sin~' v/x + cos™ \/— = T/2

i T .
= costfx=2 —sinTa/x

sin”' vx — [; —sin”! J;)

Let !=j

= dx
J /2
2sin”! J;_(—-?t- ) .
2 dy== J [2 sin”" \f}_(——)dx
b T 2
5 _
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=%j sin”! v/xdx — I]dx= —:J‘ sin™" +/xdx — x

O YO NGI)
|

where, I, =Isin"] Vx dx
Put Vx=tz = x=t> and dx=2tdt
h=[sin"t2tdt=2] sin""t - tdt

' i B T P
= 2| sin t*—ﬂj —dt] (1)
2 1-t? 2
[using integration by parts]

2 2
= ‘[#T_.t____ dt =t2 Sin~1 t — J'Li_}ij dt

J1-t° 1-t?
:tzsin_1t+jxf1—-t2dt-—-[ 1 : dt (1)
11—t
faT=t 1
=t2sin 't 4+ - Tt

+—sin" 't —sin”
2 2

(tz—;]sin1t+;r 1—* 1

-

= %[(2x —1)sin”' Vx + Vxv1-x]
=-;—[(2x—1)5in']x/;+vx—x2] (1)

On putting the value of I in Eq. (i), we get
_[ sin”' Vx — cos ™' v/x o
sin”' vx + cos™"Vx

= [(2x — 1) sin™’ «f;;+vx—x2]—x+(: §))

T

$pi]

. Find dx.
8a. Fin j (x+1)?(x+2) Delhi 2014C
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dx

J~ 2 ik ]
(x+1D%(x+2)

2
The integrand i +2x+1 IS a proper
x+1Dx+2)

rational function.

X2+ x+1 A B C .
g = + e i)
x+Dx+2) x+1 (x+1) X+ 2

(1
= x> +x+1= Alx+1(x+2) + B(x + 2)

+C(x + 1?
= X’ +x+1=AX? +3x+2) + B(x + 2)
FCO* +2% % 1)°

= x> +x+1=(A+Ox* + BA+B+2C)x
+2A+2B+C) (1)
On comparing the coefficients of like powers

from both sides, we get (1)
A+C=13A+B+2C=1and2A+2B+C =1
On solving these equations, we get (1)

A=-2,B=1andC =3
From Eq. (i), we get

X2+ x+1 - 1 3

= + + (1)
x+D2x+2) x+1 (x+1? x+2
2
J X +2x+1 R de
(x +1)%(x + 2) X+ 1

'[x+1 I(X+2)

=—2I0g|x+1|—i+3log|x+2|+c(1)

X+ 1
GG, Find jxf {Iog(x4+ 1) - 2logx) 5
X All India 2014C
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Let =

Vx* +1log(x* +1) — 2 log x]
!_[ = dx

Vx2 +1log(x +1)
X2
='[ 7 dx

X

[ logm — alogn= log‘—n%] (1)
n

X |1+ -1-2 [og[H -12)
X X
dx (1

4

X
e D1 1)
=JV x? X2 2
){3
T -2 dx dt
Putl+ — =t , then —dx=dt = —=-—(1)
- x* X X 2

.
[=——|+tlogtdt
2Nog

1 t3l2 t3f2 1
=-—|logt x - X ~dt
2[8 TR r]

[using integration by parts] (1)
- —-:-:-[ﬁ"2 logt ~ | Vedt]

Sk t‘wlogt-—-t—ifi +C (M
3 3/2 |

= 13"2\ilagt 2]+C
3 3

3/2
1 1 1 2
=——=|1+—= logj1+ — [—-=|+C
3( +x2] [og( x2) 3]

Get More Learning Materials Here : & m @&\ www.studentbro.in



—dx.
1-x Delhn 2012

\? Firstly, put s smt and then use mtegratlon by
 parts and swnpln‘y it.

Let [ = | ———=dXx
faex?
Put sin"' x=t=x=sint
. -J._z dx = dt (1%)

i=jtsintdt

Using integration by parts, taking t as the first
function and sint as the second function,
we get

l:tjsintdt-—-fl:-% (t)-_[sintdt]dt (1%)

= !=—tc05t—f{1x—cost}dt
=—tcost+jc05tdt
= [=—tcost+sint+C (1%2)

= lzﬁtﬁl—sinzti—sint%—(ﬁ

[ cosit =1—sin’t => cost =v1— sin*t]
J=—sin""x41-x* +x+C

[ t =sin”' xand x=sint] (1%)

38. Evaluatej X +1 dx. Delhi 2012

1)?(x + 3)
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? Using partial fraction, such that
Lo 1 A, B C

(x—a)* (x+ bi (x—a) (x—a]2 i (x+ b)

and then irtegrate it to get the desired result.

7

“+1
Let I:I X 5 dx

(x =1 (x+3)
Again, let
E .= 2 . S 'B"-j + < (1) (1)
x—-Dx+3 x=1 (x=1) X+3
X% +1

=

(x =12 (x+3)

Ax=1)(x+3)+B(x+3) +C(x=1)°
} (x=1)72 (x +3)
= x2+1= Alx =1)(x +3) + B(x + 3) + C(x = 1)
= x> +1=A(x* +2x-3) +B(x+3)
+C(x2+1-2x)
= x> +1=(A+C0) x> + QA+ B-20) x
+(-3A +3B+C)

On comparing the coefficients of x?, x and
constant terms from both sides, we get

A+C=1 skl
2A+B-2C=0 (1)
-3A+3B+C=1 iv) (1)

On multiplying Eq. (iii) by 3 and subtracting it
from Eq. (iv), we get

—9A + 7C =1 s}

On multiplying Eq. (ii) by 7 and subtracting it
from Eq. (v), we get

-16A=-6 ... (Vi)
=2 = ()
16 8
On putting A = g_ in Eq. (ii), we get

3 3 5

1 e ol
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8 8
; 3 5. |
On putting A = P and C = m in Eq. (iii), we get

1
§-+B—§-=O=>B—%:0 — B=g=—
4 4 4 4 2

Thus, A:E,B=land(ﬁ=— (1)
8 2

. Eq. (i) becomes
x2 +1 3/8 1/2 5/8
— + T
x—=1%(x+3) x-1 (x-1° x+3

On integrating both sides, we get
2
(x-1 (x + 3) 8° x-—1

1
+_J 1}2 A—[ X+3 W

3 1 =1
== ~1+=|— +wlo x+3|+C
5 o8l x=1] 2[ 1) > log| x+3]

1
2(x—1)

Hence, I=§I0g|x—1|—

+Elog|x+3|+C(1)

6x+7

89. Evaluate dx.
J \f(x =Sl 4) All india 2011
) lf the mtegral is of the formj gx + dx,
x/ax +bx+c

then we take gx + d=A--d—(ax +bx+c)+8
*
~ and then integrate it.

Letl:_[ f(6X+7)dX = 6x + 7) dx
Yix=5) (x - 4 X2 -9x+20

Here, (6x + 7) can be written as
d .
6X+7=A-—(x*=9x+20)+8B
X
— Ay 4+ 7= AMDv_N LR 'L N
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On comparing the coefficients of x and
constant terms from both sides, we get

2A=6 = A=3 and -9A+B=7

ey -93)+B=7 [-A =]
= -27+B=7
B=34 (1

On putting the values of A and B in Eq. (i),
weget 6x+7=32x-9)+34

. Given integral can be written as

32x—-9) + 34
j ax
Jx? = 9x+20
:i=3j 2x—9 dx+34j dx
\/x2—~9x+20 \/x2—9x+20
= [ =3I, + 34, LA ()
where, /| =j X9 dx
-JXZ - 9x + 20

Put x*-9x+20=t = (2x-9)dx=dt
dt i 12 I
L=|—==|t dt =2t"° =24t
‘ jﬁ J

=2x*=9x+20  ...(iii) (1)
and ’E:I dx
Jx2 = 9x + 20
dx

X —9x+20 + =~ =22
4 4

!ﬁf\/. 81 81
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d ,
[ J \/:T—E-; =log|x +Vx* - azq (1)

On putting the values of /; and /, from Egs. (iii)
and (iv) in Eq. (ii), we get

[ =324/x% = 9x + 20)

+ 34 Iogi(xz)+vl(xg—)2—ii]+c
" I=6y/x> — 9x+20

| 2
9 9 1
+34I0g| x——+\/(x——~) - — |+C (1)
2 2
| 4

2
1
90. Evaluatej il dx.

(x+2(x*+1) Al india 2009C
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=4 ? Flrstiy use the method of part!al fract|on and
~° thenintegrate it.

2
Let I=j > +X2_H dx
x+2)(x“+1
2
Again, let Mo, -—u-ﬁ—— §2+q(1)

x+2)(x2 +1) x+2  x241
_AE+ 1)+ (Bx +C) (x +2)
- (X +2) (x2 +1)
=X+ X+1= AP+ +Bx - i +2) ()
=X+ x+1=(A +B)x> + (C + 2B)x+ (A + 2C)

On putting x = -2 in Eq. (i), we get_
4-24+1=A4+1)+0 =23=5A =2A=3/5

On equating the coefficients of x* and
constant terms, we get
- A+B=t (i)
A+2C =1 - ..(iii)
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On putting A = % in Eq. (ii), we get

5

On putting A =§ in Eq. (iii), we get

§+2Cz1 =5 2C=1—§-

5 5

= 2C=2/5 = C=15
2x+1--

3/5 5 =B e
X2 +1

3 dx xdx
‘glm sl d,

x% 41
Put X2 +1=t =>2xdx dt

__Jx+2 t

1 1
Eo X+2|+— Io t|+—--tan
=3 g | i - glt| 5

dx 1
= d ~=—tan™'
[ » og|x|an J Y an (

+ X a

3 2
=" log|x+2 +—Io X +1
: g | = g| |

ﬂf(x) +(1)2

(2)

(1)

X% +1

(1)

—+C
1

)

+%tan"x+ C (1)

3
tan x + tan” x
91. Evaluatej dx.

1+ tan® x
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) Flrstly, simplify the given mtegrand in Iﬂltlﬂ' Ieve!
and then apply the method of partial fraction |
after that integrate it and get the desired result

3
+
Le”=jtanx tan xdx
1+tan3x
2
nxs
zj-tanx(1+tan x)d J-ta e;: xdx
1+ tan® x 1+ tan” x

[ 1+ tan® x = sec” x] (1)

Puttan x =t = sec’ x dx = dt

. tdt
1+
[+ (a® + b%) =(a + b) (a® — ab + b?)]
=j tdtz (1)
A+ (1+t° =12t
™ t A % Bt + C

A+00+t2 -t 1+t 2 —t+1

= t=At’ =t+1)+Bt+0O) (1+1)
= t=(A+B+(A+B+Ot+(A+C)

On putting t = -1, we get
-1=A01+1+1)+0
= A:_—1
3

On equating the coefficients of t* and
constant terms from both sides, we get

A+B=0
=5 —;—1+B=D:>B~——% and A+C=0
= —-1—+C=0 = Czl (1)
3 3
1t+1
(~1/3) 3" " 3
i dt + | 22—t
-[ Tkt J.t2wt+1
34UEE  3F L

- 1. - ks Y 4 . 7
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1L " t" =t +1
2t -1
il
+§j dt1 = @
67 {1 - ==
4 4
Let z=t"—t+1
=0z = (2t - I)dt in middle integral, we get
dt
r=—— bR +j ~dz j
1+t t—T---)+3
2 4

1 1
—=/=——log|ll+t|+—logz
: g1+t z |98

i ft _ (1)
i

| 1
4%log|1+tanx|+glog{t2—t+1)

1
{—

1T 1 _ 7
+_,w[an +C[’.'t=tan){]
2 \@ J3/2
2

=—%Iogh+tanx]+%log‘tan2x«— tanx-Hi

1 2tanx -1
—— |+ C(1)
o ()
2
92. Evaluatej dx.
X +xt+1 HOTS Delhi 2008C
X
J‘x*‘—w +1 J.x + x* +1
- rul? ;H; =
2 X+ x+1
1 41 1 N
= [=— : dx + — dx
24 xYa x* w1 2Ix4+x2+1
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1 1

= I=—=L+— )
2 15 12 (.)()
2
X“+1
where [f=f-"—— gy
1 ‘[x4 £ %5
On dividing numerator and denominator by
x*, we get
- P |
X X
l =J i e dx (1)
2tete
T+ 1)
-
=3 ,'1 = " dx

= =] — X dx (1)

Put x-lzt = [1+—12-]dx:dt
X
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On dividing numerator and denominator by

N2 1\
(x+ ) -2 41 X + ) -1
X L X
1 | 1
Put x+-—=t :»(F—E dx =dt
X ey,
dt dt
5:J -

dx 1 X—a
Jz 2= lo
X —a 2a X+ a
1 jt—w
= log| — (
T% hadl el 4
s
x+-1— —1
_1| \ XJ 1
—5 Og ( 1 '.'t=x+—
x+—-)+1 3
\ X
1I x2+1«-x|
Bl T
X“+1+x|

Now, on putting the values of I, and /, in
Eq.(i), we get

1 2 _1)
.'=—--1—taff‘["'{——1

X‘\/E)

2
X —x+1!
+ — 4+ C

il log
2
2 I |

1
2 x2+x+1]
/
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,lz_j_tan—_i fﬁ,__—l
2\5 x«/g

1 lxz—x+1|

_|Og e
| x*+x+1|

+ +C (1)

Note In this type of integral, we cannot use the
method of partial fraction directly.
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